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I. INTRODUCTION 

In a recent paper§ we discussed the relation between 
diffeomorphisms and gauge transformations in General 
Relativity. Specifically, gauge transformations are re- 
quired to be projectable under the Legendre map, and 
therefore they must depend on the lapse function and 
shift vector of the metric in a given coordinate neigh- 
borhood. Therefore, it is not the diffeomorphism group, 
which acts on the underlying manifold, which is the gauge 
group. The gauge group acts on the dynamical variables; 
its structure is fixed by the dynamical model; but each el- 
ement may also be interpreted as a diffeomorphism. More 
precisely, each pair consisting of an element of the gauge 
group and a metric on which it acts determines a space- 
time diffeomorphism (which affects tensors in the usual 
way). 

Here we extend the discussion to include spacetimes 
having a Yang-Mills type field coupled to General Rela- 
tivity. Our work is an extension of a more formal treat- 
ment by Pons and Shepleyo. Some of these results were 
earlier obtained by Salisbury and Sundermeyeiuu (and 
others), but we feel we here have given them a broader 
foundation, namely one based on projectability under the 
Legendre map. In addition all gauge variables are re- 
tained in the new treatment. 

We find that pure Yang-Mills gauge transformations 
meet our requirement of projectability. Gauge transfor- 



mations which act like diffeomorphisms not only have to 
be coupled to the metric as in the vacuum case but also 
require associated gauge transformations. 

In Section [il] we briefly recount the general treatment of 
diffeomorphism-invariant theories. We discuss Einstein- 
Yang-Mills field theory and describe (infinitesimal) gauge 
transformations therein. We show explicitly how these 
transformations must depend on the lapse function and 
shift vector of the spacetime metric and what associated 
Yang-Mills gauge transformations they must have if they 
are to be projectable under the Legendre map. In Sec- 
tion III, we calculate the group structure functions and 
the canonical group generators. Section IV concludes 



with a general discussion of our results and future ex- 
tensions. These will include the amplication of our proce- 
dures to theureal triad formulationtffi and to the Ashtckar 
formulation!] of General Relativity. 



II. YANG-MILLS THEORIES AND GENERAL 
RELATIVITY 

_As in our previous paperS, following work of Batlle et 
aH, we begin with a Lagrangian L(q, q) which does does 
not depend explicitly on t. A Noether Lagrangian sym- 
metry 

SL = dF/dt 
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results in an equation for 



A. Yang-Mills Gauge Transformations 



namely 



-■ ~ „■ CtCx 

+ = 



(2.1) 



[L]i being the Euler-Lagrange functional derivative of L: 



[L]i = 



W,, 



where 



W- 

11 ■ dtfdq? 



and 



d 2 L 



dL 

dq l 



When the mass matrix or Legendre matrix W = (Wjy) 
is singular, there exists a kernel for the pullback TL* of 
the Legendre map TL from configuration- velocity space 
TQ (the tangent bundle TQ of the configuration space 
Q) to phase space T*Q (the cotangent bundle). This ker- 
nel is spanned by vector fields whose components "f A (A 
ranges over the number of these vectors) are a basis for 
the null vectors of W%j . The Hamiltonian technique eases 
the calculation of the 7^: 



1a = ?L* 



(2.2) 



where the 4>a are the Hamiltonian primary first class con- 
straints. Note that these constraints are here assumed 
to be effective (if not, they can be made effective; how- 
ever, problems-can arise when ineffective, secondary con- 
straints, occuro'E3). 

The equation satisfied by G implies 



i dG 

^5? = °' 



(2.3) 



showing that G is projectable to a function Gh in T*Q; 
that is, it is the pullback of a function (not necessarily 
unique) in T*Q: 

G = TL*{G H ) , 

(first pointed out by KamimuraQ). The function Gh is 
determined up to the addition of linear combinations of 
the primary constraints, but it is in general possible to 
absorb them and conclude that a projectable variation 
must be of the form 



5q l = TL' 



f dG H 



(2.4) 



We will apply this result to diffeomorphisms and to Yang- 
Mills gauge transformations below. 



The Yang-Mills Lagrangian density Cym is a functional 
of the vector potential fields A* , where the internal index 
i ranges over {1, • • • , n}, where n is the dimension of the 
gauge group, and fi is a spacetime index (/i = 0, • • • , 3). 
(We will be using lower-case indices from the beginning 
of the alphabet, a, b, . . ., as spatial indices, a, b = 1, 2, 3.) 
The field tensor derived from these potential fields is 



pi _ Ai _ Ai _ Aj Ak 

r aji — A @,a A a,j3 ^jk A a A f3 > 



(2.5) 



where the comma denotes partial differentiation and 
where Gj fe are the structure constants of the gauge group. 
The Yang-Mills Lagrangian density is given by 



1 



YM 



-A/l 4 alF* F j n^ a n v ^C - 

A v 1 y\ r iiu r af}y s °u > 



(2.6) 



where Gy is a nonsingular, symmetric group metric and 
4 <7 is the determinant of the spacetime metric tensor. (In 
a semi-simple group, Cy is usually taken to be G? t G| s ; 
in an Abelian group, one usually takes G^ = dij.) 

The derivatives of £ym with respect to t he velocities 
of the configuration space variables, A a (here ' is d/dt), 
give the tangent space functions P" corresponding to the 
phase space conjugate momenta: 



pa 



dC 



YM 



dAi 



(2.7) 



The Legendre map TL is defined by mapping P" to P" 
in phase space. Because of the antisymmetry of the field 
tensor, the primary constraints are 



= P := P° = 



dC 



YM 



dAt, 



"gWi^^Cn . (2. 



A generator of a projectable gauge transformation thus 
must be independent of A l . 

An infinitesimal Yang-Mills gauge transformation is 
defined by an array of gauge fields A 1 and transforms 
the potential by 



6 R [A]Ai = -a; 



(2.9) 



(we use the notation <5r[A] for this Yang- Mills rotation 
variation to distinguish it from other variations defined 
later, and we write <5r if the [A] may be understood in 
context). We denote this transformation by 



S R Ai =: — (X> M A) J 



(2.10) 



where 2? M is the Yang-Mills covariant derivative (in its ac- 
tion on spacetime scalars and Yang-Mills vectors) . Under 
this transformation, the field transforms as 



where we work to first order in A* 
identity 



(2.11) 



and use the Jacobi 
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The Yang-Mills Lagrangian £ym is invariant under this 
transformation provided that the group metric obeys 

Ck s~i /~tk s~i 

it^kj — —^(.j^ki 

(which it will if dj = C s it C) s ). 

The variation <5r is clearly independent of A l a and so 
is projectable. 



B. Diffeomorphisms 

The configuration space variables for General Relativ- 
ity are the components of the metric tensor 

ds 2 = g^dx^dx" 

= -N 2 dt 2 + g ab {dx a + N a dt)(dx b + N b dt) , (2.12) 

where N is the lapse function, N a the components of the 
shift vector, and g a b is our notation for the spatial metric. 
The inverse of g a b is e ab : 

e 9bc — b . 

We will use g for the determinant of the spatial metric; 
the relationship between it and the determinant of the 
spacetime metric is 

4 9 = ~N 2 g . 

In matrix form the metric and its inverse are: 

/ x ( -N 2 + N c N d g cd g ac N< 
[9tlv) ~ \ g bd N d g ab 



GT) = 



N /N 



N a /N 2 
- N a N b /N 2 



The General Relativity Lagrangian density i 

Cgr = N^( 3 R + K ab K ab - (K a a ) 2 ) , (2.13) 

where 3 R is the scalar curvature computed from the 3- 
metric ( 3 R — 3 R ab e ab ', where 3 R ab is the 3-metric Ricci 
tensor) and K ab is the second fundamental form (extrin- 
sic curvature; indices raised by e ab or lowered by g ab ) for 
the constant-time 3-surfaces: 



Kab = -^(9ab - N a \ b - N b \ a ) , 



(2.14) 



with | meaning covariant differentiation with respect to 
the 3-metric connection. Thus the total Lagrangian den- 
sity is 



C = C 



YM 



-GR 



(2.15) 



Notice that the lapse N and shift N a of the 4-mctric 
all appear, but their time-derivatives (that is, their ve- 
locities) do not. This is required of any diffcomorphism 



invariant theory. To be projectable, therefore, a varia- 
tion must be independent of these velocities as well as 
being independent of A % in coupled Einstein- Yang-Mills 
theory. 

Consider now an infinitesimal diffeomorphism, which 
changes the coordinates by 



(2.16) 



(we write 5d if the [e] may be understood in context). 
Under this diffeomorphism, the spacetime metric trans- 
forms as 



(2.17) 



This is the Lie derivative equation. 

We will show from this equation that 5u is n ot a pro- 
jectable transformation of the form of equation (2.4) un- 
less it is made to depend on the lapse and shift variables. 
We will also show that <5d is not allowed to depend on the 
Yang-Mills potential A l . Finally, we will look at the vari- 
ation of the Yang- Mills potential itself and show that if 
a new variation is defined to include a gauge transforma- 
tion along with each diffeomorphism, the new variation 
will be projectable. We now proceed with these demon- 
strations. 



Equation (2.17) implies that the variations of the lapse 
and shift due to a diffeomorphism are 

S D N = Ne° + N. a e a + Nl° - NN a e° a , (2.18a) 
S B N a = N a e° + N a b e b + N a e° - {N 2 e ab + N a N b )e° b 



-e a - N e a h 



(2.18b) 



In order to eliminate the dependence on N , N a from these 
variationSj, it is necessary that the depend on the lapse 
and shiftlll: 



CO l\ja 
= 1. a _ «, _ ^_ f 



(2.19) 



where £°,£ a are independent of N,N a . Note that 



(2.20) 



where n M is the unit normal to the t = const spacelike 
hypersurfaces: 



1 



n = — ,n = 

N ' TV 



Furthermore, equations ( 2. 18[ ) show that e M cannot de- 
pend on A})-. Equation ( |2. 18a ) has a term Ne° which 
would involve A l otherwise; and similarly, equation 
( |2.18b| ) has a term e a which would involve A l unless such 
a dependence is outlawed. 

Under a diffeomorphism, the Yang-Mills potential 
transforms as a covariant vector field under Lie differ- 
entiation: 
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5 n A] 



A 1 e° 



Al 



(2.21) 



The variation of A a is clearly independent of N, N a , A 
and so is projectable. However, the Sd variation of A l is: 



SnAl = + Ale + Ale a + A*e a 



(2.22) 



It clearly is not projectable, nor does t he d ependence 



of e' 1 on the lapse and shift, equation ( 2.19 ), and the 



non-dependence of e M on Aq help. What is needed is a 
combined diffcomorphism and gauge transformation. 

Therefore, to Sd we add a gauge transformation <5r,[M] 
defined by a gauge field M l : 



(& + S K [M])Al = i e° + A^> + Ale a + Al a e a 



C) k M>A k 



(2.23) 



The most direct way of making this variation projectable, 
that is, to cancel the first three terms on the right side, 
clearly is to choose M % to be A l a t a (since the resulting 
addition of a term involving A a is harmless). To this 
expression may be added an arbitrary additional gauge 
transformation, of course, provided it will n ot result in 
terms involving N,N a ,A l in equation ( 2.23 ). The sub- 
traction from A l a e a of the expression A l a ^ a represents just 
such a transformation; what remains will be a term pro- 
portional to rt M , according to equation ( |2.20 ). For what 
comes later, therefore, we find it convenient to define 
<5d + 5r[M] by using 



(2.24) 



To this variation may be added an arbitrary pure Yang- 
Mills gauge transformation, and so a general projectable 
variation will depend on the descriptors 



(£V a ,A 4 ) , 



there being 4 + n functions in all. In summary, a general 
projectable variation i5 acts as a combined infinitesimal 
diffcomorphism and gauge transformation of the form: 



SN = e° + CN a - N a Z° a , 



(2.25a) 



+N a b £ b - N b C 



b ■ 



Sgab = gabj^ + gab,c IT Jj- 



9cb t a 




+9ac Cb - 



N 



SA l n 



SAl 



A aC + A 0.aC + F 0a 



N 



A' - C) k b?Al , 



Fl 



bcO 



•N ao N 
— A i0 — C l j k A J A a 



A i t b 4- A i t h 



(2.25c) 

(2.25d) 
(2.25e) 



C. Hamiltonian dynamics 



To discuss the group structure functions and the 
canonical group generators, we work in the Hamiltonian 
formulation. First, consider the Lagrangian energy for 
the Yang-Mills part of the action: 

Hym ■— A l a P" — Cym 

V CVg ab P?P* + N a P b F* b 



2^5 



■^C y e» c e M ^- X;DJ>;< . (2.2(i! 



where C y is the matrix inverse of the group metric Cy , 
and we performed an integration by parts to obtain the 
last term. 

Similarly, we can define the Lagrangian momentum 
functions for the Hilbert action: 

p ab := = ^fg~{K ab - K c c e ab ) , (2.27) 

gab 

and then compute the Lagrangian energy: 



^GR : — P a <]ab 



N 



{p ab p ah -{p a a) 2 )~N^R 



-2N a P b a 



(2.28) 



where the last term results from an integration by parts. 

Thus the canonical Hamiltonian (whose pullback under 
the Legendre transformations is the Lagrangian energy) 
is of the form 



H c = I d 3 xN A H A , 



(2.29) 



where N are the seven variables N, N a , —A l whose con- 
jugate momenta Pa — {p,p a , —Pi} = are the pri- 
mary constraints, and Ha — {Ho, H a , Hi}. The time 
derivatives of the primary constraints are secondary con- 
straints: 

P A = {Pa, H c } = -H A ■ 
There are no more constraints. Explicitly: 

H Q = ^C^g ab PtP b + |c ije -e M f: t ^ 

+ ^ F (PabP ab - (P c c ) 2 ) ~ V9 3 R , (2.30a) 



— Pi Fab ~ %Pa\b ' 

Hi = V a P? . 
We summarize our notation in the following list 



(2.30b) 
(2.30c) 
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Momentum variables: 
Primary constraints: 
Secondary constraints: 



„a6 pa 



1) 



Configuration variables: g a b A l a N N a A 

Pa Pi 
P = Pa = Pi = 

Ho = H a = Hi = 



P? P 



The equations of mo tion whici-|follow from the Hamil- 
tonian equations ( 2.29| ) are (seeEHl): 

9ab = {9ab, H c } 



"^=(Pa6 - -jP c 9ab) 



N a \ b + N b]a 



Al = 



P ab = 



{Al,H c } 

^C^g ab P b -N b F^ b + V a A 
{p a \H c } 

Vg 2 



3r>„afc 



N 



) + —e a \p cd p 
%V9 



(2.31a) 



(2.31b) 



- 2 (Pcf) 



-^(P aC Pc - \PcP ab ) + V9(N\ab - e ab N^ c ) 



+ (N c p ab ) ]c - 2p c{a N b \ 



1 



C l i(-e ab g cd PfP*-P?P b ) 



N 

-\F l cd Fl f e ab e^e d f) 



P? = {P?,H C } 



2V b {N^ b P d] ) + V b {N^gC l] e^ b e^ d F i 



3 

cd) 



Ams~t s~tj f~ilk pa 



(2.31c) 



(2.31d) 



Of course, equations ( 2.31a , 2.31b ) are restatements of the 
definition of momenta. 

At this time we write down the most general pro- 
jectable variation of the configuration variables, depen- 
dent on th e des criptors £°,£ a , A 1 (these are the same as 
equations (2.25) but in our present notation; we have 
also used the notation of covariant differentiation with 
respect to the 3-metric connection): 



sn = e° + cN.a - Ar a e° a , 

§N a = Ne ab £° b + iV D e ab £° 

+N? b e - N% , 

2£° 



Sg a b 



V9 



(Pab ~ ^Pc9ab) + Lib + Cola 



-A* - C) k UAl , 

e 



S K = ±-CVg ab P! + Aie w + Al ]b Z 



-A\ 



y-ii a i a k 
^jk lv A a ■ 



(2.32a) 

(2.32b) 
(2.32c) 

(2.32d) 
(2.32e) 



Note also for future reference that the variations of A], 
which result from an infinitesimal spatial diffeomorphism 
x 'n _ x fi _ S^ a plus a gauge rotation with descriptor 
A 4 = A l b t\ b are 

SAl = T^oa - ^=NP* + eN b FL , (2.33a) 
\9 



(2.33b) 



We turn now to variations of the conjugate momenta. 
Observe that under time-foliation-altering transforma- 
tions, we require their time-derivatives. These gauge 
transformations are therefore implementable only on tra- 
jectories which are solutions of the equations of motion. 

To find the variations of p ab , we use the fact that 
p ab appear in the four-dimensional connection coeffi- 
cients rjg r Thus p ab can be calculated from the four- 
dimensional connection by 



„ab 



IS 

N 



abcdj^O 



■ cd > 



where 



gabed ._ ^(gOCgM _ e ab e cd^ 

The inverse of this object is 

Gabcd — —^{g ac gbd ~ ^gabged) 
V9 2 

in the sense that 

QabcdQ cdef = S e Jl . 



(2.34) 



(2.35) 



(2.36) 



(2.37) 



The general variation of the connection coefficients (un- 
der an infinitesimal diffeomorphism defined by x'^ = 
- e^ ) is 



and thus 



a i pa r a . pa i 



(2.38) 



~ L cd e ,c ' 1 ac e ,b 



We therefore need the following relationships: 

P° - — G trfl 
1 cd — J^ycdefP , 



(2.39) 



(2.40a) 



To d = 3° M r M od = ^N d + N^N^dgHp^ , (2.40b) 



N 



N e g cdfgP f3 + 3 T e cd 



(2.40c) 



The calculation is far from trivial, but the most difficult 
part is made somewhat easier by defining, for any func- 
tion /, 
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5'f := f'(x') - f(x) 



Sf = 5'f + / _e a 



(2.41) 



By concentrating on the (5' variation for e a — n rT £ i Q , us- 
ing the equation of motion for the derivative term, and 
then adding the rather straightforward calculation for £ a 
(treating p ab as a tensor density), we find 



3r>ab 



i. 



-^-e(P ac P b c ~\{Pi) 2 ) 

ab/-0\c \ 



-V9(e ac e b % d - e a6 e 

A 

"2 



1 ec ij {\z ab 9cdP?pf-p?p^) 



2V9 
1 

"4 



eC ij V9(2Fi d Fi f e ca e eb e d f 



F* d F> f e ob e' !e e#) 



p ab c-e cP cD -Cp ac +p ao j 



(-a ^cb 



b ^ac 



(2.42) 



The £° part of the variation can be obtained from the 
equation of motion ( 2.31c ) by replacing N by £° and set- 
ting N a = o. 

To compute variations of the P" in principle uses the 
same method, namely by using the fact that P? comes 
from a four-dimensional object, from equation (2.S). The 
result is 

sp? = v^evgc^e^F'j + p?§ - t%p* + p? b e . 

(2.43) 

This is actually the variation Sd + ^nlA^n^^ ]. 



III. SYMMETRY GENERATORS 



We now turn to the generators of the projectable. vari- 
ations. Generating functions G will be of the forma 



G(t) 



= : £ A Gf 



A ' 



(3.1) 



where we shall use a repeated index to include an inte- 
gration over space as well as a sum. The descriptors £ A 
are arbitrary functions. 

The functions in equation. ( |3.l| ) are found using an ex- 
tension of the techniques offl: The simplest choice for the 
G)l are the primary constraints Pa- The functions G A 
obey 



Gf = -{G A 1) ,H A }+pc 



(3.2) 



where pc represents a sum of primary constraints. The 
simplest solution for G A results in 



G[£\ = P A £ A + (H A + P c N B C c AB )i A , (3.3) 

where the structure functions are defined by 

{Ha,H b }=:C a 1 b Hc ■ (3.4) 

We shall determine the structure functions by first ex- 
amining the variati ons g enerated by the secondary con- 
straints, equations ( 2.3C ). The emphasis throughout will 
be on the underlying transformation symmetry group. 
For this purpose we first introduce generators associated 
with our secondary constraints. Let 



V$ := / d 3 xt a n a , 



(3.5a) 
(3.5b) 
(3.5c) 



We find that R[£] generates a Yang-Mills rotation, so 
we have, for example, 



{A a ,R{Z]} = 5 K [Z}A a 



(3.6) 



V[£] generates the spa tial d iffeomorphism plus gauge 
rotation we employed in ( 2.33| ): 



£ r A a + 5 R ieA b ]A a 



b > 



(3.7) 



where £g denotes the Lie derivative. It is convenient to 

define a related generator D[£] which generates a pure 
spatial diffeomorphism: 



d 3 xc g a 



where 



Ga ■= 7~L a — AYHi 



(3.8) 



(3.9) 



S[^°] generates a space-time diffeomorphism plus a 
gauge rotation (neither of which by itself is projectable). 
So, for example, 



6 s [e]A a = 6 D [e]Al + 5 R [eA^]A a 
= ^C^g ab P b . 



(3.10) 



It is straightforward to calculate the complete Lie alge- 
bra from the calculable action of the infinitesimal group 
elements on the generators. (The only Poisson bracket we 
will not calculate in this manner is the bracket of S[£°] 
with S[t] °], simply because it would be tedious, invok- 
ing time derivatives of the 3-curvature and the extrinsic 
curvature.) 

First, a gauge rotation of Hi yields 



G 
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{R[Z],R[ri\} = -R[[Z,f)]] 
The remaining brackets are 



(3.11a) 



na 
u 0'0 



{R[£\,D[ff\} = J (fxCCrfHi 

= - J d s x{c n e)Hi 



-R\£>S > 



(3.11b) 



{D$,D[fj\} = I <Px?£rfi a 



-D[C^=D[[^, 



(3.11c) 



{s[e],D[rf\} = J d 3 xe/: n H 

= -s[c n e] , (3.nd) 



{sie},Riv}} = o, 



{V[£\,R[r)}} = 



(3.11e) 



(3.11f) 



The last two brackets result from the fact that Ho and 
G a are gauge scalars. Finally, a direct calculation yields 



{S[e],S[r 1 }} = V[C} , 



where 



C ■= (£W ~ W)e Qb 



(3-Hg) 



(3-12) 



^From these brackets we next determine the brackets 
among the R, V, and S generators alone. We find 

{V[&V[fi\} = {£>[£] + R[eA a ],D[rf\ + R[ V b A b }} 
= D[[lrJ\]+R[C i ~(r 1 b A b )] 

-RiL^A.)}- R[[eA a , v b A b }} 
= V[[£,Tf\]+R[?Ti b F ab ]. (3.13a) 

The remaining bracket is 

{sieivm = {s[e],D[rj\ +RieA a ]} 

= -S[Crf°}-R[rf6 s [e}Aa} 

= -S[C^°}-R[,f^-C^g ab P b } . (3.13b) 

sfg 

We read off the following non- vanishing structure func- 
tions from the above brackets: 



pa 

L-h'r" 



e ab (-8 3 (x-x')d' b , 8 3 {x-x") 

+8 3 (x - x")d' b S 3 (x - x')) 

~6 3 (x-x')d' b '6 3 (x-x")5Z 
+8 3 {x - x")d' c S 3 (x - x')5l , 
C all =8 3 {x-x")d' a 5 3 {x-x') , 

-C) k 8 3 (x-x')8 3 (x-x") , 



S'fc" 

C l a , b „=F l ab 5 3 {x-x')5 3 {x-x") 



1 C 13 g ab P b S 3 (x - x')5 3 {x - x") 



(3.14a) 

(3.14b) 
(3.14c) 
(3.14d) 

(3.14e) 

(3.14f) 
(3.14g) 



Referring to the structure functions derived above, 
we obtain the following generators, where G/j[£], Gv[ff\, 
and Gs[C°] are respectively, the gauge, spatial diffcomor- 
phism plus associated gauge, and perpendicular diffco- 
morphism plus associated gauge generators: 

GbM] = J d 3 x (-P& + HiC - c:]CA!,l\) , (3.15a) 



Gv[n\ 



Gs[C°] 



d 3 x (p a rf + N b FlPir, a 
~C^gabP^Nri a Pi + N a P r) a 
+N a b P a r 1 b - N b r,%P a + rfU a 
d 3 x (PoC° + N, b P a (°e ab 
-NP a (° b e ab - N a P C° a 

+C°N a ^-C^g ab P b P l + C°H 
V9 



(3.15b) 



(3.15c) 



These generators do indeed generate the variations of all 
variables. 

We close this section by noting that we should recover 
the canonical Hamiltonian as the generator of a global 
time translation. Let us check to confirm that this is the 
case. First we seek the descriptors £ M which correspond 
toe^=<$, 



e° = 1 = n ^ = N-^ , 

e a = = C + n a C° = r - N~ 1 N a £° 

We deduce that 

£° = N , f = iV a . 



(3.16a) 
(3.16b) 



(3.17) 



We mu st bear in mind that S^ ] + D[£\ with £ M given 
by (3.17) is not yet the generator of a global time transla- 
tion because S[N] generates a gauge transformation with 
descriptor 



(Aln^)C = (A N~~ - A l a N~ N a )N = A l - A l a N a . 

Thus the generator R[A — A l a N a ] must be subtracted to 
obtain the Hamiltonian: 
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S[N] + D[N a ] - R[Al - A l a N a ] 

d?x (NH + N a G a - (A* - N a A i a )TC t 



J d 3 x (NHq + N a TL a — A^Hi 



(3.18) 



This is precisely the canonical Hamiltonian, equation 
(HI)! 

It is important to point out that in this final expression 
the gauge variables N, N a , A l are to be thought of as ar- 
bitrarily chosen but explicit functions of space and time. 
This object will then generate a global time translation 
only on those members of equivalence classes of solutions 
for which TV, N a 1 A\ > happen to have the same explicit 
functional forms. On all other solutions the correspond- 
ing variations correspond to more general diffeomorphism 
and gauge transformations. 

In fact, every generator G[£] in ( |3.3[ ) with £° > may 
be considered to be a Hamiltonian in the following sense: 
G[£ A ] = G R [Z] + G v [£] + GsK°] generates a global time 
translation on those solutions which have 



N=e, 

N a = £° , 
-Al + A l a N a = C ■ 



(3.19a) 
(3.19b) 
(3.19c) 



We have already demonstrated this fact for the non-gauge 
variables, and it is instructive to verify the cla im fo r the 
gauge variables N, N a , and A l . Substituting (3.19) into 
( 2.32 ) , we have 



SN 
SAi 



N + N a N a - N a N . 



N 



(3.20a) 



N a - Ne ab N, b + Ne ab N, b + N a b N b - N a b N b 



= N a , 

Al,N a + Al a N a + 



N a N 



V9 

-(-Ai + A \N a + AiN a ) 
-CU-Ai+AiN a )A k = Al . 



(3.20b) 



(3.20c) 



IV. CONCLUSION 

We have been guided by the idea that a Lagrangian 
formulation of combined Yang-Mills theory and General 
Relativity should be equivalent to the Hamiltonian for- 
mulation. As in a previous paperu we conclude that 
gauge transformations for the theory must be transfor- 
mations which are projectable under the Legendre map 
from configuration- velocity space (the tangent bundle) to 
phase space (the cotangent bundle). 

We found that the most general projectable transfor- 
mation coming from a diffeomorphism must depend on 
the lapse function N and shift vector 7V a of the metric 
and must be accompanied by a Yang-Mills gauge trans- 
formation which also depends on these quantities and on 



the time component of the Yang- Mills field, A l a . These ; 
suits had been obtained by Salisbury and Sundermeyeil 
(and others) but from other points of view. For example, 
Salisbury and Sundermeyer found them by a requirement 
on the commutator of various variations. We feel that our 
approach has several advantages: It is more direct, and it 
expressly indicates the equivalence of the Lagrangian and 
Hamiltonian approaches. Note that the gauge group acts 
on the dynamical variables, so that the diffeomorphism 
group, which one would naively think would be included, 
is not itself part of the gauge group. However, the diffeo- 
morphism group provides the basis for the gauge group, 
and in this case, we can further say that the group acts 
specifically on solutions of the equations of motion (the 
Einstein- Yang-Mills field equations). 

Since the Einstein- Yang-Mills Lagrangian does not de- 
pend on the gauge variable velocities N, N a , and A l , 
under the Legendre map from configuration-velocity to 
phase space the submanifold coordinatized by these vari- 
ables is mapped to a single point in phase space. Thus 
functions on configuration- velocity space can be the pull- 
back of functions on phase space only if they are constant 
on this submanifold. In particular, symmetry variation 
functions on the tangent space are projectable if and only 
if they do not depend on these velocities. In this manner 
we have determined the diffeomorphism and gauge vari- 
ations which are projectable under the Legendre map. 

Spatial diffeomorphisms are projectable, but four- 
dimensional diffeomorphisms which alter the time folia- 
tion are not. As in the case of pure conventional gravity 
the full four-dimensional gauge group must be reinter- 
preted as a transformation group on the space of metric 
solutions, and the group elements contain a compulsory 
dependence on the lapse and shift. We have found that 
in Einstein- Yang-Mills theories even this alteration is not 
sufficient. A Yang-Mills gauge transformation which is 
itself dependent on the full four-dimensional Yang-Mills 
connection must be added to the diffeomorphism. The 
resulting transformation group must therefore be inter- 
preted as a transformation group on the space of metric 
and connection solutions. 

It would seem straightforward to apply our ideas in 
other contexts, for example in other formulations of Gert. 
eral Relativity. For example, the Ashtekar formulationEI 
has many similarities to a Yang-Mills theory. However, 
it uses a complex Lagrangian and complex Hamiltonian, 
and so reality conditions must be imposed. The stabil- 
ity of these conditions under the evolution governed by 
a complex Hamiltonian makes the study of gauge trans- 
formations more difficult and more interesting. Other 
approaches to General Relativity also rely on structures, 
such as a tetrad or a 3 + 1 decomposition using triads for 
the spatial metric, which are added to the metric vari- 
ables. They, too, present added difficulties — and in- 
terest — for the transformation law for the triads under 
diffeomorphisms must take into account the decomposi- 
tion. 
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We anticipate that the resulting recovery, and sig- 
nificant enlargement, of the gauge symmetry group in 
Einstein- Yang-Mills theories will provide insights to ef- 
forts to quantize these models. Future work will deal with 
somewhat more complicated vacuum models in which 
auxiliary gravitational variables exhibit additional gauge 
symmetry. The first is a—real tetrad formulation of Ein- 
stein's general relativitjO. Then we shall explore the 
symmetry structure. p£ Ashtekar's complex formulation 
of general relativityLrEfl. The former is actually a special 
case of the latter, and both feature in recent attempts to 
construct a quantum theory of gravity. Since foliation al- 
tering diffeomorphisms and time evolution are in a sense 
identical, as we have explained in this paper, we may 
acquire insights into strategies for imposing the scalar 
constraint in quantum gravity. 
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